For the cyclic group Z 3 and positive integer k, we study the representations of the orbifold vertex operator algebra L sl 2 (k, 0) Z 3 . All the irreducible modules for L sl 2 (k, 0) Z 3 are classified and constructed explicitly. Quantum dimensions and fusion rules for the orbifold vertex operator algebra L sl 2 (k, 0) Z 3 are completely determined.
Introduction
The orbifold construction is a powerful tool for constructing new vertex algebras from given ones. Let V be a vertex operator algebra and G a finite group consisting of certain automorphisms of V , the fixed point subalgebra V G = {v ∈ V | gv = v, g ∈ G} is called an orbifold vertex operator subalgebra of V . Many interesting examples, especially orbifold vertex operator algebras related to affine vertex operator algebras and lattice vertex operator algebras, have been extensively studied both in the physics and mathematics literature ( [5] , [7] , [16] , [17] , [18] , [19] , [27] , [28] , [32] , [33] , etc.).
The orbifold theory is concerned with the properties and representation theory of the fixed point vertex operator subalgebra V G . It is natural to ask whether V G inherits some properties from V , such as simplicity, rationality, C 2 -cofiniteness and regularity. It has been established that if V is a regular and selfdual vertex operator algebra of CFT type and G is a finite solvable group, then V G is again a regular and selfdual vertex operator algebra of CFT type [5] , [32] . The decomposition of V into a direct sum of irreducible V G -modules was initiated in [12] and [16] . The decomposition of an arbitrary irreducible g-twisted V -module into a direct sum of V G -modules was achieved in [19] and [33] . It follows from [18] that if V G is a regular and selfdual vertex operator algebra of CFT type, then any irreducible V G -module occurs in an irreducible g-twisted V -module for some g ∈ G. In other words, the irreducible V G -modules were completely classified if V G is a regular and selfdual vertex operator algebra of CFT type. This paper is prompted by the results of [7] . The orbifold vertex operator algebra V A 4 L 2 was investigated in [7] , where L 2 is the root lattice of the simple Lie algebra sl 2 and A 4 is the alternating group which is a subgroup of the automorphism group of lattice vertex operator algebra V L 2 . The main idea is to realize V A 4 L 2 as (V + L 8 ) σ where L 8 is a rank one lattice defined in [6] and σ is an automorphism of sl 2 of order 3. Note that V L 2 is isomorphic to L sl 2 (1, 0) as vertex operator algebras. It is well known that L sl 2 (k, 0) is a regular and selfdual vertex operator algebra of CFT type for k ∈ Z 1 [22] , [29] . It is Then any irreducible L sl 2 (k, 0) Z 3 -module occurs in an irreducible τ -twisted L sl 2 (k, 0)-module for some τ ∈ Z 3 [18] . In this paper, we classify and construct all the irreducible modules for the orbifold vertex operator algebras L sl 2 (k, 0) Z 3 for k 1. We construct τ -twisted modules of L sl 2 (k, 0) for each τ ∈ Z 3 , and give the decomposition of each irreducible τtwisted L sl 2 (k, 0)-module into a direct sum of irreducible L sl 2 (k, 0) Z 3 -modules. It turns out that there are exactly 9(k + 1) inequivalent irreducible L sl 2 (k, 0) Z 3 -modules. We call the irreducible L sl 2 (k, 0) Z 3 -module coming from the irreducible L sl 2 (k, 0)-module the untwisted type L sl 2 (k, 0) Z 3 -module. And, we call the irreducible L sl 2 (k, 0) Z 3 -module coming from the twisted L sl 2 (k, 0)-module the twisted type L sl 2 (k, 0) Z 3 -module.
The quantum dimensions of the irreducible modules introduced in [9] are the important invariants of V and the product formula qdim V (M ⊠ V N) = qdim V M · qdim V N ( [9] ) for any V -modules M, N plays an essential role in computing the fusion rules. An explicit relation between the quantum dimension of an irreducible g-twisted V -module M and the quantum dimension of an irreducible V G -submodule of M was given in [18] . We use this powerful relation to compute the quantum dimension of any irreducible module of the orbifold vertex operator algebras L sl 2 (k, 0) Z 3 .
The fusion rules for the orbifold vertex operator algebra L sl 2 (k, 0) Z 3 are completely determined in Section 4. The initial inspiration for the main idea is the fusion rules of the Z 2 -orbifold of the vertex operator algebra L sl 2 (k, 0) [28] , which is useful to determine the fusion products between untwisted type L sl 2 (k, 0) Z 3 -modules and untwisted type L sl 2 (k, 0) Z 3 -modules as well as the fusion products between untwisted type L sl 2 (k, 0) Z 3modules and twisted type L sl 2 (k, 0) Z 3 -modules. However, the determination of the fusion products between twisted type L sl 2 (k, 0) Z 3 -modules and twisted type L sl 2 (k, 0) Z 3 -modules is much more complicated. The main strategy is to employ the Proposition 2.8 in [11] which described that if W = M 1 ⊠ V M 2 for any g i -twisted V -module M i (i = 1, 2) together with some other conditions then W = M 1 ⊠ V M 2 (the notation of W is defined in [11] Lemma 2.6). Furthermore, we determine the contragredient modules of all the irreducible L sl 2 (k, 0) Z 3 -modules, thus the fusion rules for L sl 2 (k, 0) Z 3 are completely determined.
The paper is organized as follows. In Section 2, we briefly review some basic notations and facts on vertex operator algebras. In Section 3, we first give the action of the cyclic group Z 3 on L sl 2 (k, 0) and realize each element of Z 3 as an inner automorphism of sl 2 . Then we classify and construct all the irreducible modules of the orbifold vertex operator algebras L sl 2 (k, 0) Z 3 for k 1. In Section 4, we compute the quantum dimension of any irreducible module of L sl 2 (k, 0) Z 3 for k 1. Finally, the fusion rules for the orbifold vertex operator algebras L sl 2 (k, 0) Z 3 are completely determined.
We use the usual symbols C for the complex numbers, Z for the integers, Z 0 for the nonnegative integers, and Z 1 for the positive integers. In this paper, j means the residue of the integer j modulo 3.
Preliminary
Let (V, Y, ½, ω) be a vertex operator algebra [4] , [21] . We first review basics from [14] , [15] , [20] and [29] . Let g be an automorphism of the vertex operator algebra V of finite order T . Denote the decomposition of V into eigenspaces of g as:
We use r to denote both an integer between 0 and T − 1 and its residue class modulo T in this situation.
where v n ∈ End M, satisfying the following conditions for
where δ(x) = n∈Z x n and all binomial expressions are to be expanded in nonnegative integral powers of the second variable.
The following Borcherds identities can be derived from the twisted-Jacobi identity [14] , [36] .
Remark 2.4. If g = id V , we have the notations of weak, admissible and ordinary Vmodules [13] .
where f, u = f (u) is the natural pairing M ′ × M → C. It follows from [20] and [35] that (M ′ , Y M ′ ) is an admissible g −1 -twisted V -module. We can also define the contragredient module M ′ for a g-twisted V -module M. In this case,
In particular, V is said to be a selfdual vertex operator algebra if V is isomorphic to V ′ . We recall the following concept from [37] .
We have the following result from [1] , [14] and [37] . Theorem 2.7. If V is a vertex operator algebra satisfying the C 2 -cofinite property, then V has only finitely many irreducible admissible modules up to isomorphism. The rationality of V also implies the same result.
We have the following results from [14] and [15] .
The number λ is called the conformal weight of M;
(2)There are only finitely many irreducible admissible g-twisted V -modules up to isomorphism. Definition 2.9. A vertex operator algebra V is called regular if every weak V -module is a direct sum of irreducible V -modules, i.e., the weak module category is semisimple. Definition 2.10. A vertex operator algebra V = ⊕ n∈Z V n is said to be of CFT type if V n = 0 for n < 0 and V 0 = C½. Remark 2.11. It is proved in [1] that for a CFT type vertex operator algebra V , regularity is equivalent to rationality and C 2 -cofiniteness. [32] ) If V is a regular and selfdual vertex operator algebra of CFT type, and G is solvable, then V G is a regular and selfdual vertex operator algebra of CFT type.
We now review some notations and facts about the action of the automorphism group on twisted modules of vertex operator algebra V from [15] , [18] , [19] , [33] .
Let g, h be two automorphisms of V .
for v ∈ V . The simplicity of M together with Schur's lemma shows that h → φ(h) is a projective representation of G M on M. Let α M be the corresponding 2-cocycle in C 2 (G, C * ). Then M is a module for the twisted group algebra C α M [G M ] which is a semisimple associative algebra. A basic fact is that g belongs to G M . Let M r = ⊕ n∈ r T +Z 0 M(n) for r = 0, 1, · · · , T − 1, then M = ⊕ n∈ 1 T Z 0 M(n) = ⊕ T −1 r=0 M r and each M r is an irreducible V g -module on which φ(g) acts as constant e 2π √ −1 r T [16] , [18] .
And each M λ is a module for the vertex operator subalgebra V G M .
The following results follow from [18] and [19] .
Theorem 2.13. With the same notations as above we have 
In particular, if V is a regular and selfdual vertex operator algebra of CFT type and G is solvable, then any irreducible V G -module is isomorphic to some M λ .
We now recall from [20] the notions of intertwining operators and fusion rules.
The space of all intertwining operators of type is an intertwining operator of type W 3 W 1 W 2 , then I(·, z) can be written as
From [2] , we have the following proposition. 
, which consists of a V -module W and an intertwining operator F (·, z) of type W W 1 W 2 , is called a tensor product (or fusion product) of the ordered pair W 1 and W 2 if for any V -module M and any intertwining operator
The following result is obtained in [23] , [24] , [25] .
Theorem 2.20. Let V be a regular and selfdual vertex operator algebra of CFT type, M 0 ∼ = V, M 1 , · · · , M d are all inequivalent irreducible V -modules and the conformal weights λ i of M i are positive for all i > 0. Then the tensor product of any two V -modules M ⊠ V N exists. In particular,
5)
for any i, j ∈ {0, 1, · · · , d}.
Fusion rules have the following symmetric property [20] . 3 Classification and construction of irreducible modules of L sl 2 (k, 0) Z 3
In this section, we will introduce the cyclic group Z 3 which is a subgroup of Aut(L sl 2 (k, 0)), and realize each element of Z 3 as an inner automorphism of sl 2 (C). And we will classify and construct explicitly the irreducible modules of the orbifold vertex operator algebras
Let h, e, f be a standard Chevalley basis of sl 2 (C), define automorphism σ of sl 2 (C) as follows:
It is obvious that the automorphic subgroup generated by σ is isomorphic to the cyclic group Z 3 , and Z 3 can be lifted to an automorphic subgroup of the vertex operator algebra L sl 2 (k, 0). In the following statement, we denote L sl 2 (k, 0) by L(k, 0) for simplicity and k is a positive integer unless otherwise stated. By the quantum Galois theory [16] , we first have the following decomposition.
is a simple vertex operator algebra, and L(k, 0) 0 (resp. L(k, 0) 1 , L(k, 0) 2 ) is the irreducible L(k, 0) Z 3 -module generated by the lowest weight vector ½ (resp. e(−1)½, f (−1)½) with the lowest weight 0 (resp. 1, 1).
Proof. Since Z 3 is a cyclic group which has only three 1-dimensional irreducible modules. Let Irr(Z 3 ) denote the set of irreducible characters of Z 3 which contains three irreducible characters χ 0 (unit representation), χ 1 , and χ 2 up to isomorphism. From [16] ,
Observing the action of Z 3 on L(k, 0) 1 which is isomorphic to sl 2 (C), we find that e(−1)½ and f (−1)½ generate two inequivalent irreducible modules according to χ 1 and χ 2 , respectively. Note that L(k, 0) 0 = C½
generated by the lowest weight vector ½ (resp. e(−1)½, f (−1)½) with the lowest weight 0 (resp. 1, 1). Then the irreducible
j=0 L(k, 0) j holds. Let α be the simple root of sl 2 (C) with α, α = 2. From [22] , the integrable highest weight L(k, 0)-modules L(k, i) for 0 i k provide a complete list of irreducible L(k, 0)modules with the lowest weight spaces being (i+1)-dimensional irreducible sl 2 (C)-modules L( iα 2 ), respectively. For 0 i k, let {v i,j |0 j i} be the basis of L( iα 2 ) according to the sl 2 -triple {h, e, f } with the following action of sl 2 on L( iα 2 ), namely
The following lemma will be very useful later.
Proof. Since {h(−1)½, e(−1)½, f (−1)½} is a gererator set of the simple vertex operator algebra L(k, 0). And
It is well known that L(k, 0) is a regular and selfdual vertex operator algebra of CFT type for k ∈ Z 1 [22] , [29] . From Theorem 2.12, L(k, 0) Z 3 is again a regular and selfdual vertex operator algebra of CFT type. Thus, from Theorem 2.15, any irreducible
Now we are in a position to classify and construct all the irreducible L(k, 0) Z 3 -modules coming from the irreducible untwisted(i.e., id-twisted) L(k, 0)-modules L(k, i) (0 i k). We first determine the subgroup (
Proof. For any τ ∈ Z 3 , by the definition of L(k, i) • τ , L(k, i) and L(k, i) • τ have the same lowest weight. Observe that the lowest weights i(i+2)
From (2.3), we know that L(k, i)(0 i k) can be decomposed as L(k, 0) Z 3 -modules, and the case of i = 0 has been stated in Theorem 3.1. For 0 < i k, we define φ(σ r ) (r = 0, 1, 2) from L(k, i) to L(k, i) as follows:
. It is easy to verify that φ(σ r )(r = 0, 1, 2) are L(k, 0)-module isomorphisms. Using Theorem 2.13 and Theorem 2.14, we have the following result. 1. If k = 1, i = 1, then
4)
where L(1, 1) 0 (resp. L(1, 1) 1 , L(1, 1) 2 ) is the irreducible L(1, 0) Z 3 -module generated by the lowest weight vector v 1,1 (resp. v 1,0 , f (−2)v 1,1 ) with the lowest weight 1 4 (resp. 1 4 , 9 4 ).
6)
where L(k, i) 0 , L(k, i) 1 , and L(k, i) 2 are the irreducible L(k, 0) Z 3 -modules generated by the lowest weight vectors v i,i , v i,i−1 and v i,i−2 with the same lowest weight i(i+2) 4(k+2) , respectively.
Proof. The simplicity of L(k, i) shows that τ → φ(τ ) gives a projective representation of Z 3 on L(k, i). By Lemma 3.3, the Z 3 -orbit L(k, i) • Z 3 of L(k, i) only contains itself. Let α L(k,i) be the corresponding 2-cocycle in C 2 (Z 3 , C * ). Then L(k, i) is a module for the twisted group algebra C α L(k,i) [Z 3 ] with relation φ(σ)φ(σ) = φ(σ 2 ). The twisted group algebra C α L(k,i) [Z 3 ] is a commutative semisimple associative algebra which has three irreducible modules of dimension one. Let L(k, i) = ⊕ j=2 j=0 L(k, i) j be the eigenspace decomposition, where L(k, i) j is the eigenspace for φ(σ) on L(k, i) with eigenvalue e 2π √ −1j 3
. From the definition of φ(σ), we know that v i,i is a lowest weight vector of L(k, i) 0 and v i,i−1 is a lowest weight vector of L(k, i) 1 . However, the lowest weight vectors of L(k, 0) 2 depend on the value of k and i. From lemma 3.2, we know that e(−1)v 1,
Let h (r) = r 6 h, r ∈ Z 0 . Direct calculations yield that
where L(n) = ω(n + 1), ω is the conformal vector of L(k, 0). These equations show that h (r) (0) acts on L(k, 0) semisimply with rational eigenvalues. From [30] , we know that e 2π
f . Thus we have the following proposition.
For r ∈ Z 0 , let
It is easy to verify that ∆(h (r) , z) = ∆(h (1) , z) r . From [31] , we have the following result.
Direct calculations yield that
To distinguish the components of Y (v, z) from those of Y σ r (v, z), for fixed r, we denote the following expansions
where v ∈ L(k, 0), t ∈ {0, 1, 2} such that σ r (v) = e 
2. For i = 1 and k = 1,
3. For i = 1 and k > 1, 
0 (e(−1)½) = 16 9 e(−1)½.
2. For i = 0 and k > 1,
3. For i = 1 and k = 1,
4. For i = 1 and k > 1,
0 (v 1,0 ) = ( 3 4(k + 2) + k + 3 9 )v 1,0 .
For
Now we are poised to give the classification of the irreducible L(k, 0) Z 3 -modules coming from σ r -twisted L(k, 0)-modules L(k, i) Tr (0 i k, r = 1, 2). Note that v 0,0 = ½. Set
Then we have the following results.
Lemma 3.10. Let L(k, i) Tr,j be the L(k, 0) Z 3 -modules generated by u Tr,j k,i , where k ∈ Z 1 , 0 i k, r = 1, 2, j = 0, 1, 2. Then L(k, i) Tr,j (k ∈ Z 1 , 0 i k, r = 1, 2, j = 0, 1, 2) are irreducible L(k, 0) Z 3 -modules.
Proof. Since we write L(k, i) Tr = ⊕ n∈ 1 3 Z 0 L(k, i) Tr (n) as an admissible σ r -twisted L(k, 0)module, then L(k, i) Tr,j = ⊕ n∈ j 3 +Z L(k, i) Tr (n) is an irreducible L(k, 0) Z 3 -module for j = 0, 1, 2 [16] . We are now in a position to state the main result of this section.
Theorem 3.12. There are exactly 9(k + 1) irreducible L(k, 0) Z 3 -modules up to isomorphism. We give these irreducible L(k, 0) Z 3 -modules with their conformal weights by Table  1 and Table 2 . Proof. It follows from the Theorem 2.15 that all the irreducible modules of the orbifold vertex operator algebra L(k, 0) Z 3 come from {L(k, i), L(k, i) Tr |r = 1, 2, 0 i k}. Then the theorem follows from Theorem 3.1, Theorem 3.4 and Theorem 3.11. For the case of k = 1, the lowest weight vectors of L(1, i) T 1 ,j (i = 0, 1, j = 0, 1, 2) with their lowest weights have been given in [7] .
Remark 3.13. For k = 1, the orbifold vertex operator algebra L(1, 0) Z 3 can be realized as the lattice vertex operator algebra V Zβ associated to the positive definite even lattice Zβ with (β, β) = 18 [8] . Moreover, it is well known that there are 18 inequivalent irreducible V Zβ -modules: {V Zβ+ s 18 β |0 s < 18} [4] , [21] . Therefore, from [8] together with the Proposition 2.15 in [11] , we have the following L(1, 0) Z 3 -module isomorphisms: 
4 Quantum dimensions and fusion rules for the orbifold vertex operator algebra L(k, 0) Z 3
In this section, we first recall from [18] some results on the quantum dimensions of irreducible g-twisted V -modules and irreducible V G -modules for G being a finite automorphism group of the vertex operator algebra V . Then we compute the quantum dimensions for irreducible modules of the orbifold vertex operator algebra L(k, 0) Z 3 . Finally, we determine the fusion rules for the orbifold vertex operator algebras L(k, 0) Z 3 . Let V be a vertex operator algebra, g an automorphism of V with order T and M = ⊕ n∈ 1 T Z 0 M λ+n a g-twisted V -module. For any homogeneous element v ∈ V we define a trace function associated to v as follows:
where o(v) = v wtv−1 is the degree zero operator of v, c is the central charge of the vertex operator algebra V and λ is the conformal weight of M. This is a formal power series in variable q. It is proved in [14] , [37] that Z M (v, q) converges to a holomorphic function, Let V be a regular and selfdual vertex operator algebra of CFT type and G a finite automorphism group of V . Let g ∈ G and M a g-twisted V -module. Then M is a finite sum of irreducible g-twisted V -modules. In particular, each homogeneous subspace of M is finite dimensional. From the above discussion, we know that χ V (τ ) and χ M (τ ) are holomorphic functions on H. In [9] , the quantum dimension of M over V is defined to be
where y is real and positive, q = e 2π √ −1τ , τ = √ −1y. From [9] , we know that for any V -module M, qdim V M always exists and is greater than or equal to 1 if the weight of each irreducible V -module is positive except V itself. It was proved in [18] that for any g ∈ G and any g-twisted V -module M, qdim V M always exists and is nonnegative. Also, ([9] ) Let V be a regular and selfdual vertex operator algebra of CFT type, and M 0 ∼ = V, M 1 , · · · , M d are all inequivalent irreducible V -modules. We also assume that the conformal weights λ i of M i are positive for all i > 0. Then
for 0 i, j d. for 0 i k, r = 1, 2. Therefore, we can easily obtain the quantum dimensions of irreducible L(k, 0) Z 3 -modules. for 0 i k, r = 1, 2, j = 0, 1, 2.
It is observed that qdim L(1,0) Z 3 M = 1 for any irreducible L(1, 0) Z 3 -module M. As a consequence, all the irreducible L(1, 0) Z 3 -modules are simple currents [9] .
Let V be a vertex operator algebra with only finitely many irreducible modules, the global dimension is defined as glob(V ) = M ∈Irr(V ) qdim(M) 2 [9] . Assume G is a finite subgroup of Aut(G), it is proved that |G| 2 glob(V ) = glob(V G ) [3] , [18] . One immediately gets that
Now we recall from [34] the fusion rules for the simple affine vertex operator algebra L(k, 0). (4.9)
The following Lemma follows from [11] . .
is an intertwining operator of type L(k, l) Tr L(k, i) L(k, j) Tr .
In order to determine the contragredient modules of irreducible L(k, 0) Z 3 -modules, we racall from [10] that the irreducible L(k, 0)-modules L(k, i)(0 i k) can be realized in the module V L ⊥ of the lattice vertex operator algebra V L , where L = Zα 1 + · · · + Zα k with α i , α j = 2δ i,j , and L ⊥ is the dual lattice of L. More precisely, the top level of L(k, i) is an i + 1 dimensional vector space which is spanned by {v i,j |0 j i} and v i,j has the explicit form in V L ⊥ : where α I = r∈I α r for a subset I of {1, 2, · · · , k}, and the vertex operator associated with e α , α ∈ L ⊥ is defined on V L ⊥ by
Moreover, the operator Y produces the intertwining operator for V L of type
Proof. The contragredient module of L(1, i) j and L(1, i) Tr,j (i, r = 0, 1, j = 0, 1, 2) can be easily determined by using the lattice vertex operator algebra V Zβ in Remark 3.13. Indeed, the contragredient module of V Zβ+ s 18 β is V Zβ+ 18−s 18 β for any 0 s < 18. Next, we consider the case of k > 1. A basic fact is that if V is a selfdual vertex operator algebra, (M, Y M ) is a V -module and (M ′ , Y M ′ ) is the contragredient module of M, then V ⊆ M ⊠ V M ′ . From Theorem 2.12, we know that L(k, 0) Z 3 is a selfdual vertex operator algebra. Note that v i,i−j ∈ L(k, i) j (j = 0, 1, 2) for any 2 i k.
Since
by using (4.10)-(4.12), we can deduce that ½ can be obtained from
Thus
Other contragredient modules in 1-3 could be proved using similar arguments. Next we prove (L(k, i)
From the definition of contragredient module, we know that any g-twisted V -module M and its contragredient module M ′ (g −1 -twisted V -module) have the same lowest weight. Note that a For 0 i k, we have the following L(k, 0)-isomorphisms.
Proof. Note that ∆(h (r) , z) = ∆(h (1) , z) r for r ∈ Z 0 , and therefore the assertion 1 is obvious. From the Lemma 2.6 in [11] , we know that (L(k, i), Y (∆(h (3) , z)·, z)) is an irreducible L(k, 0)-module with the eigenvalue a k,k−i . It is easy to verify that the map ψ 1 defined by
is an L(k, 0)-isomorphism. Then we can deduce that (L(k, i), Y (∆(h (3) , z)·, z)) ∼ = (L(k, k− i), Y (·, z)) as an irreducible L(k, 0)-isomorphism, i.e., the assertion 2 holds.
Finally, the assertion 3 is immediate by using the assertion 2: z) ).
Moreover, we can also construct a σ-twisted L(k, 0)-isomorphism
The following corollary is clear by noting that ∆(h (r) , z) = ∆(h (1) , z) r for r ∈ Z 0 .
Corollary 4.10. For 0 i k, we have the following L(k, 0)-isomorphisms.
Next, we show the assertion 4. Recall the L(k, 0)-isomorphism ψ 1 defined in (4.13) and the fact that a
This proves the assertion 4. Finally, the assertion 5 follows from the assertion 1 and 4, the assertion 6 follows from the assertion 2 and 4, and the assertion 7 follows from the assertion 2 and 5.
For
(4.17)
Now we are in a position to determine the fusion rules for all the irreducible L(k, 0) Z 3modules. For the irreducible L(k, 0) Z 3 -modules W 1 and W 2 , we drop the subscript L(k, 0) Z 3 in the fusion product W 1 ⊠ L(k,0) Z 3 W 2 and simply denote W 1 ⊠ W 2 without causing confusion. The following theorem together with Proposition 2.21 and Theorem 4.8 give all the fusion rules for the Z 3 -orbifold vertex operator algebra L(k, 0) Z 3 .
Theorem 4.12. The fusion rules for the Z 3 -orbifold affine vertex operator algebra L(k, 0) Z 3 are as follows:
L(k, i 1 ) j 1 ⊠ L(k, i 2 ) T 2 ,j 2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k L(k, i 3 ) T 2 ,−sign(i 1 ,i 2 ,i 3 ,j 1 ,−j 2 ) , (4.20)
L(k, i 1 ) T 1 ,j 1 ⊠ L(k, i 2 ) T 1 ,j 2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k L(k, i 3 ) T 2 ,−sign(i 1 ,i 2 ,i 3 ,j 1 ,j 2 ) , (4.21)
L(k, i 1 ) T 1 ,j 1 ⊠ L(k, i 2 ) T 2 ,j 2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k L(k, k − i 3 ) sign(i 1 ,i 2 ,i 3 ,j 1 ,−j 2 )+k−i 3 , (4.22) L(k, i 1 ) T 2 ,j 1 ⊠ L(k, i 2 ) T 2 ,j 2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k L(k, k − i 3 ) T 1 ,sign(i 1 ,i 2 ,i 3 ,−j 1 ,−j 2 )+k−i 3 , (4.23)
where 0 i 1 , i 2 , i 3 k, j 1 , j 2 ∈ {0, 1, 2}.
Proof. Proof of (4.19): From Lemma 4.7, we know that Y σ (·, z) is an intertwining operator of type L(k, i 3 ) T 1 L(k, i 1 ) L(k, i 2 ) T 1 where 0 i 1 , i 2 , i 3 k, |i 1 − i 2 | i 3 i 1 + i 2 , i 1 + i 2 + i 3 ∈ 2Z and i 1 + i 2 + i 3 2k. Thus we have
Recall that a 
which is equivalent to i 1 +i 2 −i 3 6 − j 1 +j 2 −j 3 3 ∈ Z. Hence j 3 = sign(i 1 , i 2 , i 3 , j 1 , j 2 ). Recall the quantum dimensions of irreducible L(k, 0) Z 3 -modules along with the fact that sin π(i 1 +1) k+2 sin π k+2 · sin π(i 2 +1) k+2 sin π k+2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k sin π(i 3 +1) k+2 sin π k+2 .
Then we can deduce that (4.19) holds. Proof of (4.18): Note that v i,i−j ∈ L(k, i) j if and only if v i,i−j ∈ L(k, i) T 1 ,j , then by (4.19), we botain (4.18).
Proof of (4.20): Recall from Lemma 4.11, we know that (L(k, i) T 1 ,j , Y σ (∆(h (1) , z)·, z)) ∼ = (L(k, i) T 2 ,−j , Y σ 2 (·, z)).
Then, as a result of [11] Proposition 2.8, we can get (4.20) . Actually, one can also use the symmetric property in Proposition 2.21, Theorem 4.8 and (4.19) to determine the fusion reules N L(k,i 3 ) T 2 ,j 3 L(k,i 1 ) j 1 ,L(k,i 2 ) T 2 ,j 2 .
Proof of (4.21): Since L(k, i 1 ) j 1 ⊠ L(k, i 2 ) T 1 ,j 2 ∼ = L(k, i 2 ) T 1 ,j 2 ⊠ L(k, i 1 ) j 1 , we can prove (4.21) by using (4.19), the Proposition 2.8 in [11] and Lemma 4.11. Proof of (4.22): Using (4.21), the Proposition 2.8 in [11] along with Lemma 4.11, we can deduce that L(k, i 1 ) T 1 ,j 1 ⊠ L(k, i 2 ) T 2 ,−j 2 = |i 1 −i 2 | i 3 i 1 +i 2 i 1 +i 2 +i 3 ∈2Z i 1 +i 2 +i 3 2k L(k, k − i 3 ) sign(i 1 ,i 2 ,i 3 ,j 1 ,j 2 )+k−i 3 .
Then (4.22) is clear. In almost exactly the same way, we can prove (4.23).
Remark 4.13. For the case of k = 1, recall from Remark 3.13 that L(1, 0) Z 3 can be realized as the lattice vertex operator algebra V Zβ with (β, β) = 18 and the correspondence between irreducible L(1, 0) Z 3 -modules and {V Zβ+ s 18 β |0 s < 18} has been listed explicitly. It is well known that V Zβ+ s 18 β ⊠ V Zβ V Zβ+ t 18 β = V Zβ+ s+t 18 β , where we use s, t to denote both integers between 0 and 17 and its residue class modulo 18 in this situation. This formula also gives the fusion rules for all the irreducible L(1, 0) Z 3modules. It is not difficult to verify that the fusion rules given in this manner are consistent with the results in Theorem 4.12.
